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Transient Analysis of Anisotropic Multilayered Media
Subjected to Dynamic Antiplane Loadings

Yi-Shyong Ing* and Chih-Chung Chen’
Tamkang University, Tamsui, Taipei 251, Taiwan, Republic of China

The transient responses of anisotropic multilayered media subjected to arbitrarily distributed antiplaneloadings
are investigated. To solve the complicated problem, a linear coordinate transformation is introduced and success-
fully used to transform the anisotropic layered medium problem to an isotropic problem. The relationship between
field quantities of the anisotropic problem and the corresponding isotropic problem are established for a Cartesian
coordinate system. The boundary value problem is solved by using the integral transform method. The solutions
in the Laplace transform domain are constructed in the form of a power series of the phase-related reflection and
transmission matrices. Each term in the series represents a reflected or transmitted wave. The transient solution
is then obtained by means of Cagniard’s method. The corresponding static solution is also derived by application
of the final value theorem. For numerical calculations, the transient responses of an anisotropic thin layer overly-
ing a half-space are considered. The transition behavior from transient response to static value is presented and

discussed in detail.

Nomenclature

AD B® = field coefficients

C;; = elastic moduli

c = globalfield vector

M = coefficient matrix

p = source vector

q = response vector

R = global phase-related reflection
and transmission matrix

R., = phase-relatedreceiver matrix

t = time coordinate

t = global boundary displacement-tractionvector

£ = applied displacement-tractionvector

w = antiplane displacementin correspondingisotropic
multilayered media

w = antiplane displacementin anisotropic
multilayered media

X,Y,Z = rectangularcoordinatesin correspondingisotropic
multilayered media

X, ¥,z = rectangular coordinates in anisotropic
multilayered media

% shear modulus

0 = material mass density

Txz, Tyz = shear stressesin correspondingisotropic
multilayered media

Tyz, Ty: = shear stresses in anisotropic multilayered media

Introduction

OR the past two decades, the importance of composite materi-

als hasincreased very rapidly because of their high strength and
light weight. Because of the fast development in material science,
anisotropic materials have been widely used in these composite
structures for modern engineering applications. These anisotropic
laminated composites may be subjected to static or dynamic load-
ings. They have already received quite widespread attention in the
form of static analyses in the past. However, the study of dynamic
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responses of anisotropic composite laminates is rare in the litera-
ture. Thus, a better understanding of how the transient responses
of anisotropic composites subjected to dynamic loadings transit to
static fields is very important.

The investigation of interaction between transient waves and
boundaries was initialized by Lamb.! He studied the problem of an
isotropichalf-spacesubjected to dynamic pointand line loads on the
surface. Since then, many researchers, such as Garvin® and Tsai and
Ma,? devoted their efforts to the study of isotropic half-space prob-
lems. For layered media problems, Thomson* and Haskell’ devel-
oped a matrix method to determine the dispersionrelation for elastic
waves in isotropic multilayered media. Later, Gilbert and Backus®
proposed the propagator matrix and gave a more formal mathemat-
ical interpretation to the technique. Ma and Huang’ investigated a
composite with n isotropic layers subjected to dynamic antiplane
impact loading on the surface. They derived the transfer relation
expressed for the general representations of the response between
each layerand used Cagniard’s method® to obtain the transient solu-
tion in the time domain. After the appearanceof Cagniard’s method,
Spencer’ proposed the generalized ray method to analyze the sur-
face responseof an isotropiclayered half-spaceto the radiation from
a localized source. Later, the theory of a generalized ray was used
to solve many transient problems by Miiller,!®!! Ceranoglu and
Pao,'? and Borejko.!* Recently, the transient responses of isotropic
multilayered media subjected to dynamic antiplane and in-plane
loadings were studied analytically by Lee and Ma.'*!> The connec-
tion between the matrix method and the generalized ray method is
establishedby considering the reflection and transmission of waves
at a single interface. The corresponding numerical calculation and
experimental measurement for an isotropic layered half-space sub-
jected to dynamicin-planeloading were presentedby Ma and Lee.'®
Following the same method, Ma et al.!” reexamined the transient
problem of an isotropic multilayered medium subjected to arbitrar-
ily antiplane loadings. They illustrated numerical examples of an
isotropic layered half-space and investigated the characteristic time
of transition from transient responses to static values in detail.

Studies of theeffects of anisotropyon elastic waves were startedin
the 1950s due to applicationsin seismology and crystal physics. For
anisotropic solids, many researchers were already devoting time to
the study of elastodynamic problems: Kraut,'® Burridge,'® Tewary
and Fortunko,?’ Budreck,?! and so forth. Recently, Ting?? pointed
out that there have been several new developments in the theory
and applications of anisotropic elasticity. Ting?* also reviewed re-
cent developments in anisotropic elasticity. Because of the math-
ematical complexity, most of investigations on elastodynamics of
anisotropiclaminated media were carried out by numerical methods
by, for example, Nelson and Dong,>* Dong and Huang,*> Kausel *
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Datta et al.,”” Seale and Kausel,?® Liu et al.,>*° and Liu and
Achenbach?!32 Thus far, the analytical studies of transient re-
sponses of anisotropic multilayered media have been limited.

In this study, the transient responses of anisotropic multilayered
media subjected to dynamic antiplane loadings are investigated an-
alytically. A linear coordinate transformation proposed by Lin and
Ma* is used in this study to simplify the anisotropic problem. Lin
and Ma** have used this methodology to solve the static problem
for anisotropicmultilayered media. This study extends this transfor-
mation method to solve more complicated transient problems. The
linear coordinate transformation reduces the anisotropic multilay-
ered problem to an equivalentisotropic problem with a similar ge-
ometry configuration. A matrix method proposed by Lee and Ma'*
is then used to solve the corresponding isotropic boundary value
problem directly. The solution in the Laplace transform domain is
obtained by expanding the matrix solution into a power series of
the phase-related reflection and transmission matrix. The inverse
transform is carried out by the application of Cagniard’s method.?
The transient solutions for shear stresses in a time domain are ex-
pressed in a closed form. Each term in the formulation has its own
physical meaning. The solutions are valid for an infinite length of
time and have accounted for the contributions of an infinite number
of reflected waves. Static solutions for shear stresses are also ob-
tained by the use of the final value theorem. Numerical results are
evaluated for the special case of an anisotropic layered half-space
problem. The transition behavior from transient responses to static
values is investigated and discussed in detail.

Linear Coordinate Transformation
Consider an antiplane deformation in an anisotropic medium.
Given the absence of body force, the two-dimensional antiplane
wave motion of a homogeneous, anisotropic, and linearly elastic
solid is governed by

w(x, y,1) w(x, y,1) w(x, y,1)
C +2C +C
55 92 45 axdy 44 9y2
w(x, y,1)
= Wy b 1
—— ey

where w(x, y, t) is the antiplane displacement in the z direction;
Ci;, i, j=4,5, are elastic moduli; and p is the mass density of the
anisotropic material. The xy plane has been assumed to coincide
with one of the planes of material symmetry such that in-plane and
antiplane deformations are uncoupled. The relevant stress compo-
nents are

dw(x,y,1) dw(x,y,1)
Ty (%, y,1) = Cyy————— + Cys———— 2)
ay 0x
dw(x,y,1) dw(x,y,1)
T (%, 9, 1) = Cys————— + C5s———— (3)
ay 0x
Introduce a linear coordinate transformatior’*~3¢:
X =x — (Cys/Cu)y )
Y =(C./Cu)y (%)
Z=:z (6)

where

Ce = C44C55 - CZ5 (7

It is assumed that Cy44 and Cys, as well as /(CysCss — CZ), are
all positive. The transformation given by Eqs. (4-6) reduces Eq. (1)
to the standard wave equation in the (X, Y') coordinate system as

WX, Y, 1) N PWX, Y1) b2 WX, Y, 1)

8
0X? oY? ot? ®)

where W (X, Y, t) is the displacementin the Z direction and
WX, Y, 1) =wx,y,1) )

b=./Cup/C., (10)

It is easy to verify from Eqs. (2) and (3) that the relevant stress
components in the anisotropic solid are related to those in the cor-
responding isotropic solid by

vz(X, Y, 1) = QM (11)
Y

(X, Y, 1) = CeM (12)
X

Ty (X, . 1) = Tz (X, Y. 1) (13)

C‘45 Ce
T(X,y,0) = —1z(X, V. ) + —1xz (X, ¥, 1) (14
Cy Cy

From Egs. (8), (11), and (12), note that the original anisotropic
problem is converted into an equivalent isotropic problem by set-
ting C, = j (shear modulus). From the relationship of displacement
and shear stresses for an anisotropic solid and the corresponding
isotropic solid expressed in Eqgs. (9), (13), and (14), note that it is
possible to obtain the solution for an anisotropic problem from a
correspondingresult of an isotropic problem.

Transient Solutions for Anisotropic Multilayered Media
in Double Transform Domain

In this section, the transientresponse of anisotropic multilayered
media subjected to arbitrarily distributed antiplane loadings is an-
alyzed. Consider an infinitely anisotropic medium consisting of n
layers separated by parallel planes, as shown in Fig. 1. Each layer is
made of an anisotropic,homogeneous,and linearly elastic material.
It is assumed that the interfaces are perfectly bounded. All quanti-
ties related to the ith layer are followed by a superscript (i). The
two-dimensional governing equation for antiplane deformation in
each layer can be expressed as

Cé[;azw([)(x,y,f)+2C§;5>32w([)(16,y,1)_}_Cﬁ‘)azw([)(%)’,f)
9x? 9xdy ay?
S Pw®(x, y, t
_ 0wy i=1,2,....n (15)

at?
The boundary conditions on the top and bottom surfaces of the
layered medium are limited to the tractiontype, and so the boundary
conditions on these two surfaces can be written as

O, 0,0) = t(x, 1) (16)
for —oo < x < o0, and
T, —h,, 1) = t(x, 1) (17
for —oo < x < 0o, where

h, = Xn:h@ (18)

i=1

yTz

(1)
h 1) A1 h
G s o '
(2)
h 2, 2, 2,
e o
(%) X . . h
i oo e :
(n—1)
1) (M=) (1)
N ol o'
(n)
SN i L S

Fig.1 Configurationand coordinatesystem of an anisotropicrn-layered
medium.
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in which 2 is the thickness of the ith layer, and t! is the specified
traction. The loading applied at the interface between two adjacent
layers can be either a displacement or traction and yields the fol-
lowing boundary conditions:

w® e, =hi, 1) = w D, —hy, 1) = wl(x, 1)

i=1,2,...,n—=1 (19

. - .
T (x, —hi, 1) = TV, =k 1) = T (x, 1)

i=1,2,...,n—1 (20)
where w!'! is the specified displacement.

The transientproblemof the anisotropicmultilayeredmedium can
be treated as a boundary value problem as indicated in Egs. (15-20).
Itis difficult to solve this boundary value problem directly because
of the presence of many material constants. It is desirable to reduce
the dependence on material constantsin advance of the analysis of a
given problem. A linear coordinate transformationintroducedin the
preceding section is used to simplify the governing wave equation.
To maintain the geometric continuity of the layered configuration,
the linear coordinate transformation expressed in Eqs. (4-6) are
modified for each layer, as follows**:

i-1
X=x+a"y+ th(a(k) —q®F D),

k=1

i=1,2,....n (21)

i—1

Y =By h(pY - p0),

k=1

i=1,2,....n (22)

Z=z, i=12....n (23)
where
o =-c@/cy 24)
po=cl/cy (25)

e =egen -y @)

When Eqgs. (21-23) are applied to Eq. (15), the governing equa-
tions in the transformed (X, Y) coordinate system can be reduced
to standard wave equations, as follows:

PWOX, Y, 1)  PWIX, Y1) (b([))z PWDO (X, Y, 1)
aX2 e - ar2
i=1,2,....,n (27)

where

WX, Y, 1) =w"(x, y,1) (28)

The stress—displacement relations expressed in the (X, Y) coordi-
nate system within each layer become

i SOWO(X, Y, 1

r;t%=Cét)+, i=1,2,....,n (30)
i OWO(X, Y, 1

r}(;)zzcg)#, i=12,....,n (31

The relevant stress components in the anisotropic solid are related
to those in the correspondingisotropic solid by

T (x, . 0) = 1,(X. Y. 1) (32)
O, y, )=Vt (X, Y, 1) —aVr (X, Y, 1) (33)

The boundary conditions and the jump conditions expressed in
Egs. (16-20) can be represented as follows:

oN(X,0,1) = )0 (X, 1) (34)

YTX

Cg) b(’) H, 7

C(ez) b(z)

P b H;

Ce(nAI) b(ﬂl—’)

Hnp

an) b(n)

Fig.2 Configuration and coordinate system of the n-layered medium
after the linear coordinate transformation.

for —oo < X <00,
(X, —H,, 1) = 1) (X, 1) (35)
for —oo < X <00,
WX, —H;, 1) — WYX, —H,, 1) = Wil(X, 1)
i=1,2,...,n—1 (36)

o (X, —H,t)— 70 VX, —H, t) =t} (X, 1)

i=12,...,n—1 (37)

where

n—1

Hy=B"h, + Y (B — Ber ) (38)

k=1

Note that the governing equations in Eq. (27) and constitutive
equations in Eqgs. (30) and (31) are similar to the isotropic case.
Moreover, note that no gaps or overlaps are generated along the
interfaces under the modified linear coordinate transformation. The
new geometric configuration in the transformed (X, Y) coordinate
system is shown in Fig. 2. It is found that the thickness of each
layer and the location of the applied loading are both changed.
However, the interfaces between two adjacent layers remain con-
tinuous and are parallel to the X axis. Thus, the new geometric
configuration is similar to the original problem. This means that
the modified linear coordinate transformation successfully changes
the original anisotropic multilayered problem to the corresponding
isotropic multilayered problem with a similar geometric configu-
ration and boundary conditions. Consequently, once the boundary
value problem described in Eqs. (27), (30), (31), and (34-37) can
be solved, the solutions for the original anisotropic problem can be
obtained from Eqgs. (28), (32), and (33).

The boundary value problem just mentioned can be solved by the
application of integral transform methods. Lee and Ma'* have used
an effective matrix method to solve the isotropic layered medium
problem. A similar procedure will be performed in the following
derivation. The one-sided Laplace transform with respect to time
and the two-sided Laplace transform with respect to X are defined
by37

f(X,Y,5) = / F(X,Y, e " dt (39)
0

oY, s) = / F(X, Y, 5)e™* ¥ dX (40)

When the one-sided Laplace transform is applied over time ¢ and
the two-sided Laplace transform over X under the restriction of
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Re(yT([)) > 0, Eq. (27) becomes an ordinary differential equation
with the general solution, as follows:

WO ¥, h,5) = AP0, )" Y + BOGL s)e™ T (41)
where
y = (b9 — Az)% (42)
A® and B® are field coefficients of each layer and denote the
downgoing and upgoing waves, respectively.

By substituting Eq. (41) into the stress—displacement relation in
Eq. (30), we can obtain

o 0] 0] ;

W@ _ M11 M12 A® (43)
—*(i) - i i (i)

Tyz MZ(I) Mz(z) B

where the phase-relatedreceiver elements are

MOYia, sy =err" (44)
MO a5y =e1" (45)
MY (Y5 a,s) —sC(‘)y(L)eWT (46)
MO (Y, 5) = —sCOyD eV (47)

When the double integral transform is applied to the boundary con-
ditions (34-37) and then substituted into Eq. (43), the field coeffi-
cients A© and B® for each layer can be determined and expressed
as follows:

AD
(M;)(O) M(l)(o)) <B<1>) =) =7 (48)

at top surface Y =0,

AW\
( ('l)( H ) M('l)( H ))( (n)) _ TY[Z] _ t*[n] (49)

at bottom surface Y = —H,,, and
[M”( H) MY (—H) -M{*"(-H) —Mf?”(—H[)}
M) (—=H)) M3 (—H) —-My""(—H) —-ML""(—H)
AD
() Wil o
BE AT = (50)
AG+D f;[z‘]
BG+D

at interface Y =—H,, i=1,2,...,n— 1. Here, 1 is the trans-
formed field for applied displacement-traction vector #!, i =
0,1,...,n,and

[0]
10 =% 1)
1 = 11 (52)
A = (Wi i)’ i=1,2,....n—1  (53)

When a global field vector ¢ with 2n elements is defined as

c(h,s) =

T
AVGLON AP0, )\ ADOL N\
B, s) B, s) T\ B™G, )

(54)

and when the applied displacement—traction vectors t/1, i=
0,1,...,n, are combined into a global boundary displacement—
traction vector as

POus) = (PO P pneT )T (s

thenthe systemof equationsexpressedin Eqs. (48-50) canbe rewrit-
ten in a compact matrix form:

Mc =t (56)

Here, the coefficient matrix M is a 2n X 2n matrix given by

Dy, U,
L, D, U
L, D,
M=D+L+U= '
D,., U,
L,y D,-: U,
L, D, |

(57)

in which D represents the diagonal block matrix. U and L indicate
the nonzero block elements of upper and lower triangular matrices,
respectively. Their corresponding elements are defined as follows:

D, = M} (0) (58)
[M”( H;) —Mf‘ﬁ”(—H[)}
M) (—H) —My""(—H)
i=1,2,...,n—1 (59)
D, = M) (—H,) (60)
Uy =M} 0 0] (61)
MV (—=H) 0
U;, = i s i=1,2,...,n—2 (62)
-M{TV(—=H) 0
[ MY (~H, ) }
U, = (63)
My (—H, )
[M”( Hl)}
(64)
M) (—H,))
0 Mf?(—H-)
L = i=23,....n—1 (65)
0 M{)(—H)
L,=[0 M -H)] (66)

Because the diagonal block matrix D is nonsingular, the global
field vector ¢ in Eq. (56) can be solved directly by

c=M't (67)

The coefficient matrix M can be represented in an alternative form
as

M=DI+D'L+D'U)y=DI—R) (68)



724 ING AND CHEN

where

0 -D;'U,
_Dl_lLl 0x2

R=-D'L+U) =

Therefore, the global field vector ¢ in Eq. (67) can be expressed by
c=U-R'p (70)

where the source vector p that represents source waves generated
by applied loadings is defined by

DJIE*[U]
Dy
p=D'F = : (71)

-1 Zx[n-1]
D ¢

—lgxln]
Dn pln

When the continuity conditions are applied at the interfaces, the
elements —D[_IL[ and —D[_1 U;,i=0,1,...,n,in Egs. (69) can be
obtained as follows!*:

0 R,
-D'L, = it (71)
0 Tiisa

(72)

iy - [THW 0}

Rivii O
where the phase-relatedreflection and transmission coefficients are
_ 0!
Rijic1(h,8) =ryirexp(=2sy,  H,) (73)
Tiyicr O ) = tijirexp[—=s (" —yy TV H] (74)
Riy1/i(A,s) =r[+1/[exp(2syT([+l)H[) (75)
Tiv1)i(h,s) = t[+1/[exp[s(y7([+l) - T([))Hz] (76)

in which r;/; +1 and ;;; 4| (orr;41; and ¢; ;) are the reflection
and transmission coefficients, respectively, and

Cé[)}/](_[)()\) _ CéH— 1)}/7(_['*' 1)()\)

Tijiv1(A) = = 7 i 77
COPP )+ CITVPIHD ()
29y ()
lijiv1(A) = —— - Tz 7 (78)
COyD )+ CITDy D o
C(f+1>yT([+1)(A) _ C([)}/j('[)()")

Fiv1i(A) = G+D._G+1) [GN0) (79)
Ce }/T (}\.) + Ce VT ()‘-)
2C0 Dy R
tivii(A) = S (80)

Cly )+ € Ny T

Hence, the global phase-relatedreflection and transmissionmatrix R
expressedin Eq. (69) can be rewritten in terms of the local reflection
and transmission coefficients, as follows:

-D;'U,
-D;'L, 0.

. (69)
02><2 _D;l_zUn—Z
_D;l_an—l 02><2 _D;l_lUn_l
-D;'L, o |
R(A,s) =
0 Ry 7]

0 0RO

(81)
From Egs. (43), (54), and (70), note that once the global field

vectore is solved, the response functions W*® and 7,13’ in the double

transformdomain foreachlayercan be obtainedimmediately. When
a response vector

q¥, A, 5) =

~ T ~ T ~ 2l
W*(Y, A, s) WY, A, s) W (Y, A, s)
Ty (V.0 s) T, 1, 5) TOW, 0, 5)

(82)
is defined, then the global field can be related to the response vector
by

g=R.,d-R)'p (83)
where R,, is the phase-related receiver matrix and is given by
R.(Y, M, 5) =
By ]

My My,
(1) m .
My My,

@
Ml 1 M12

@ @
M21 M22

™ g
Ml 1 M12

™ g
M21 M22

(84)
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By expansion of the matrix (I — R)~! into power matrix series of
R, Eq. (83) can be rewritten as

4=R.Y Rp (85)

where

Y R=u-R" (86)

i=0

It can be verified that the term Rp represents a group of waves
that is reflected or transmitted through the interface i times.!* The
matrix seriesis convergent,and theexpansionis suitablefor practical
problems because only finite terms have to be calculated during the
transient process.

For the time being, the sourcesin the precedingderivationare lim-
ited to dynamic loadings applied at the interfaces. Now we consider
the response of the layered medium subjected to dynamic loadings
that are located within layers. The incident field induced by the
loading within a layer can be separated into upgoing and down-
going waves. The source waves propagating in two directions will
meet the interfaces at a later time. It is envisaged that the succeed-
ing reflected and transmitted waves can be regarded as new sources
at the interfaces. Thus, the solution can be deduced by modifying
the source vector p expressed in Eq. (71). The new sources can be
obtained by multiplying the matrix R to the modified source vector
p*. The original source term should be considered individually and
will be denoted by a vector p;. For instance, the solution in double

transform domain for a body source applied at ¥ = —H,,; in the ith
layer can be represented as follows:
q=R.p;+R., Y Rp" (87)
i=1
where
; T
Py, 9) =(0,0,---,0,p} .-+, 0) (88)
for—H;,_,>Y >—-H, >—H,
; T
Py, 9) = (0,0,---,p%, ,0,---,0) (89)

for—H;_,>—H, >Y >—H,;,and

i i r
P 0 )=(0,0,---,p% .piy . -++,0,0) (90)

forall Y.
Note that the summation index in the matrix series expressed in
Eq. (87) begins with i = 1 because the original source term has been

* T ) /
p* = | ————explsy, Hp —sAH
|:2s2C§l)yT(l) ( T P )

separated from the summation. Thus far, the solution for the cor-
responding isotropic layered medium subjected to a dynamic body
source is successfully derived and expressed in Eq. (87). The tran-
sient solution can be obtained by Cagniard’s method® of Laplace
inversion. Note that the solutions shown in Eq. (87) are expressed
in the transformed (X, Y) coordinate system. The corresponding
solutions for the anisotropic multilayered medium in the (x, y) co-
ordinate system can be obtained from Eqs. (28), (32), and (33),
in which the coordinate relations expressed in Eqs. (21-23) are
used.

Transient and Static Solutions for an Anisotropic
Layered Half-Space
In this section, an anisotropic layered half-space subjected to a
dynamic antiplane concentrated load at the top layer is considered.
The thin layer and half-space are both made of a homogeneous,
anisotropic, and linearly elastic material. The thickness of the top

To
252Dy

(1)
Gl
2 2
(g;) Cg;)cg?)

Fig.3 Configuration and coordinate system of an anisotropic layered
half-space.

H ; H, X
}_—j P
H T
0 c
c® @

Fig.4 Configuration and coordinate system for the layered half-space
after the linear coordinate transformation.

layer is h, and the geometric configuration and coordinate system
are showninFig. 3. For timet < 0, the thin-layeredstructureis stress
free and atrest. Attime f =0, adynamic antiplane concentratedload
with magnitude 7, is applied suddenly at (x, y) = (0, —hp) within
the top layer. The time dependence of the loading is represented
by the Heaviside step function H (¢). By the use of the linear coor-
dinate transformation proposed in Eqgs. (21-23) (by setting n =2),
the location of the applied load is shifted to (X, Y)=(H', —Hp)
in the transformed coordinate system, as shown in Fig. 4. Because
the half-spaceis semi-infinite, the global field vector has only three
elements, thatis, c = (A" B A®)T The source vectors can be
represented as follows:

T
« To 1) ’
= | ————explsy, Hp —sAH 0 Oi| 91)
g [2szcﬁ”1/}” Plovi e =)

forO>—-Hp>Y>—H,

5

T
Po = |:0 2 <(;> )
252C, yp

forO0>Y >—Hp >—H, and

T
exp(—2y" Hp — s)H') 0} (92)

T
eXp(—ZS)/;.I)HP — sAH’) 0:| 93)

for all Y. The phase-relatedreflection and transmission matrix R is
a 3 x 3 matrix and has the following form:

0 10 0

2,0
RO =| npe™ ™ 0 0 (94)

(1) (2)
Lzl/ze—wr g oJ

where the reflection coefficient r /o at free surface ¥ =0 is unity,
and ry;, and f,,, are the reflection coefficient in Eq. (77) and the
transmission coefficient in Eq. (78), respectively.

If the responses of the top layer are considered, the response
vectoris a2 x 1 matrix given by

g=[w 9] ©5)
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and the receiver matrix is

[ ()
e‘WT Y e—syT Y 0

R, = (96)
0

(1) (1)
Scél)}/](_l)esyT Y _scél)}/](_l)e—syT Y

When Eqgs. (91-96) are substitutedinto Eq. (87), the solutions for
the displacementand shear stresses in the layer can be obtained and
expressed in the transform domain, as follows:

WOy, A, 5) = exp (—sy 1Y + Hp| — sAH')

To
2S2C(1)}/(1)
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where

Y =2jH — (Y — Hp), Yjp=2(j+DH+ (Y — Hp)

Yi3=2(j+1DH+ (Y + Hp), Y ,=2(j+1D)H — (Y + Hp)
The sign (&) expressed in Eq. (98) is chosen to be positive for
Y < —Hp and negative for Y > —Hp. By application of Cagniard’s
method® of Laplace inversion to Egs. (98) and (99), the transient
shear stresses can be obtained explicitly in the time domain. The
final results are given in Appendix A.

Note that the solutions shown in Eqs. (A1-A4) are expressed in
the transformed (X, Y) coordinate system. The transient solutions
for the anisotropic layered half-place in the coordinate system of

(x, y) can be obtained from Egs. (32) and (33), in which the coor-
dinate relations expressed in Eqs. (21-23) are used. Furthermore,
the corresponding static solutions can be obtained by the applica-
tion of the final value theorem to dynamic solutions in the Laplace
transform domain. The results are given in Appendix B.

Numerical Results and Discussion

In the preceding section, the transient responses of shear stresses
for an anisotropic layered half-space subjected to a dynamic an-
tiplane concentrated loading have been analyzed. The correspond-
ing numerical calculation will be carried out and discussed in detail
in this section. The anisotropic layered half-space is subjected to a
dynamic antiplane concentrated unit force with Heaviside function
dependencethat is located at (xo, yo) = (0, —0.5h). It is known that
the location of the applied loading will be shifted somewhere within
the top layer after the linear coordinate transformation. The numeri-
cal results are divided into two parts. One is the case bV < b@, that
is, the corresponding isotropic thin layer has a faster shear wave
velocity than the half-space. The other is bV > b®, that s, the cor-
responding isotropic half-space has a faster shear-wave velocity.
Because the transient solution is exact up to the arrival time of the
next wave, only a finite number of waves will be involved in the
numerical calculation. To give better insight into the transition be-
havior, the transient responses at the near field (horizontal position
of thereceiveris five times the thicknessof the layer from the source)
and the far field (200 times the thickness) will be considered in the
following numerical evaluation. The locations of receivers are also
limited within the top layer. The transient responses of shear stress
7, are not presented because of the similar characteristics to t,..
Note that the anisotropic static solutions proposed by Lin and Ma*?
are used for comparison with our static solutions, and the numeri-
cal results show a good match between these two different kinds of
static solutions.

Case 1: b <p®

Figures 5-7 show the transient shear stresses ! for different
vertical positions of receivers at the near field. It is found that the
transient stress fields reveal a square-rootsingularity at the incident
and reflected wave fronts because of the Heaviside time function
dependence of the applied loading. In Figs. 5-7, the transient re-
sponses tend to correspondingstatic values uniformly after the first
few waves passed the specified receiver. Note that the transient re-
sponse approaches the corresponding static value slowly when the
location of the receiver is near the free surface. Figures 8 and 9
show the transient responses at the near field (x, y) = (54, —0.5h)
for bV /b® =1/5 and 1/10, respectively. Note from Figs. 7-9 that
the time needed to approach the static value for the transient solu-
tion will increase as the value of the ratio of bV /b® decreases. The
reasonis that more reflected waves are induced for the case of small
b® /b@ . The transient shear stresses for C!V /C® =5/1 and 10/1
at the near field are plotted in Figs. 10 and 11, respectively. Note
from Figs. 7, 10, and 11 that, the larger the magnitude of the ratio
CV/C®, the longer the approaching time will be.

0.05 - _— trangient
static
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003 f CP:CP:CP=1:1:2 (x,y)=(0.-0.5h)
bP?=1/1.5

e

<Y
yz

clref=u

0.01 [

0.00 —

001 , A \ R - \
t/6%h

Fig. 5 Transient response and static value of stress ‘ry(zl) at (x,y)=

(5h, —0.01h) in the layer with faster wave velocity.




ING AND CHEN 727

0.05 ¢ transient
——=—— static
T CPCV:C0=2:1:5 (xy)=(5h,-0.25k)
003t CPCY-CP=1:1:2 (x,y,)=(0-0.5h)
S (1) p(2)_
‘\Q 002 b b 7=1/1.5
S cPic?=1
0.01F r\’*‘e\e
.00 p— ’
0.0 : : 7 z T iz 5 i ]

5 6 7 8 é 1‘0
t/6"h
Fig. 6 Transient response and static value of stress
(5h, —0.25h) in the layer with faster wave velocity.
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Fig. 7 Transient response and static value of stress 7,

(5h, —0.5h) in the layer with faster wave velocity.

o4 CPCl:C=2:1:5 (xy)=(5h,-0.5h)
003 f CP:CP.C=1:1:2 (x,y,)=(0,-0.5h)
b mP=1/5
0.02
g cllrc?=a1
QQ 001
Sx
0.00
transient
o0 ——e—— static

Fig. 8 Transient response and static value of stress ‘ry(zl) at (x,y)=

(5h, —0.5h) for B /b =1/5 in the layer with faster wave velocity.

L.l cV=2:1:5 (xy)=(5h-0.5h)

0.04 -
2}, A2} A2} _7.7. —
o CP:CP:CP=1:1:2 (x,y,)=(0.-0.5h)
‘ pPmP=1/10
0.02
1) ;~(2) _
s clrec?=11
O ool
S
i)
0.00 p—!
transient
0011 ——o—— static
PO N AN , ,
5 10 15 20 25 30 35 40 45 50 55 606 65 70 75

t /6"

Fig. 9 Transient response and static value of stress ‘ry(zl) at (x,y)=

(5h, —0.5h) for BD/b® =1/10. in the layer with faster wave velocity.
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Fig. 10 Transient response and static value of stress ‘ry(zl) at (x,y)=

(5h, —0.5h) for C’/C? =5/1 in the layer with faster wave velocity.
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Fig. 11 Transient response and static value of stress ‘ry(zl) at (x,y)=

(5h, —0.5h) for C/C® =10/1 in the layer with faster wave velocity.
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Fig. 12 Transient response and static value of stress 7,;° at (xe,y)=
(2007, —0.5h) for 5®/b® =1/1.5 in the layer with faster wave velocity.
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Fig. 13 Transient response and static value of stress 7,;’ at (x,y)=
(2007, —0.5h) for 5/b® =1/5 in the layer with faster wave velocity.
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Fig. 14 Transient response and static value of stress 7,;° at (x,y)=
(5h, —0.5h) for BD/b® =1.5/1 in the layer with slower wave velocity.
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The transient shear stresses 7'V at the far field (x,y)=
(200h, —0.5h) for bV /b® =1/5 and 1/5 are shown in Figs. 12
and 13, respectively. These results exhibit quite different and inter-
esting phenomena from those of the near field. Note from Fig. 12
that the transientresponse varies significantly near the arrival of the
incident wave (from t/bVh =200 to 202, as shown in the small
window) and then approachesthe static value smoothly for a period
of time (r/bVh ~ 202 — 260). This may mislead one to believe that
transientresponsehas become the static value already. However, the
response will vary astonishingly (/b h ~ 260 — 300) after this pe-
riod andreaches a relative maximum value that is about 30 times the
correspondingstatic value. Finally, the transientresponse then truly
goesto the static valueafter the time # ~ 3006V h = 1.5xbM = xb®,
Note from Figs. 12 and 13 that the time for the transient solution
to approach the static value will increase as the value of the ratio
of bV /b® decreases. If we calculate for many cases with different
ratiosof bV /b® , we find that the transientsolution will truly tend to
the corresponding static value only after time  ~ xb®. This means
that the transition from transient responses to static values for this
case depends not only on the distance x between the source and
receiver, but also on the slowness b in the correspondingisotropic
half-space. A similar result has also been found by Ma et al.'” for
the isotropic layered half-space problem.

Case 2: b >p®

Figures 14 and 15 show the transient shear stresses (! at the
near field (x, y) = (5h, —0.5h) for b /b@ =1.5/1 and 5/1, re-
spectively. Note that in Figs. 14 and 15, the first wave disturbing
the receiver is a head wave, and the transient solution approaches
the static value soon after all of the reflected head waves pass the
receiver. Moreover, the number of reflected head waves passing
the receiver will rise when the magnitude of the ratio bV /b is
large. The transient response for bV /b® =1.5/1 at the far field
(x,y)=(200h, —0.5h) is shown in Fig. 16. Note that the effect of
reflected head waves plays a very significantrole in Fig. 16. Because

transient
———o—— static
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240 260 280 300 320

Fig. 16 Transient response and static value of stress ‘ry(zl ) at (x,y) = (200, —0.5k) for b /b® =1.5/1 in the layer with slower wave velocity.
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Fig. 17 Transient response and static value of stress ‘ry(zl ) at (x,y)= (200, —0.5k) for 5/b® =5/1 in the layer with slower wave velocity.
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of the great number of reflected head waves, the transient response
oscillates violently before it goes to the static value. It is also found
that the transition time from transient solution to the static value is
t~3000Wh =1.5xbV =x(bV)2/b?®. To investigate this charac-
teristic time in detail, the transientresponse for b /b® = 5/1 at the
far field (x, y) = (200h, —0.5h) is shown in Fig. 17. It is indicated
in Fig. 17 that the transient transition time extends longer as the
value of the ratio of b /b® increases, and the characteristictime is
still# &~ 10006V h = 5xbD = x (bV)2/b® . If we calculate for many
cases with differentratios of 5V /b, we can conclude that the time
needed for the transitionfrom transientresponsesto static values for
this caseis t ~ x(b")2/b®, which depends on both wave velocities
in the corresponding isotropic layer and half-space. This result is
the same as that presented by Ma et al.!” for an isotropic layered
half-space.

Conclusions

In this study, the transientresponse of an anisotropic multilayered
medium subjectedto dynamic antiplane loadingsis analyzed. A lin-
ear coordinatetransformationis introducedto simplify the problem.
The linear coordinate transformation reduces the anisotropic mul-
tilayered problem to an equivalentisotropic problem without com-
plicating the geometry of the problem. An effective matrix method
is used to derive the solutions in the Laplace transform domain.
The solutions in the Laplace transform domain are constructed in
the form of a power series of the phase-related reflection and trans-
mission matrices. Each term in the series represents a reflected or
transmitted wave. The transient solutions are then obtained by the
Cagniard’s method® of Laplace inversion. The corresponding static
solutionis also derived by applicationof the final value theorem. For
numerical calculations, an anisotropiclayered half-spaceis selected
to investigate the transition from transientresponses to static values
in detail. Itis indicated that the transitiontime for the case b < b?®
is t =xb®, whereas for the case bV > b @ itis t =x(bV)?/b®.

Appendix A: Transient Solutions in Time Domain
By application of Cagniard’s method® of Laplace inversion to

Egs. (98) and (99), the transient shear stresses in the top layer for
the case b® > b"| cos 6| can be expressed explicitly as follows:
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for k=1, 2,3, and 4, and where ¢, and ¢, are the arrival times of
the stress waves.

For the case b® <bV|cosf;|, the transient solutions in
Egs. (A1) and (A2) need to include an additional head wave contri-
bution. They are given by
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where 1, is the arrival time of the head wave, and

[

)\';:—jk = —(l‘hjk/rjk)COSij + |Sin6jk|(b(l)_ — t;jk/rjk) +ie
2 2 l
fp = £bD (X — H) £ (b — b))y,
Appendix B: Static Solutions
The final value theorem states that
lim f(Y,t) = lim sf(Y,s) (B1)
t— 00 s—0

Thus, the static solutionscan be deduced from the dynamic solutions
expressed in Egs. (98) and (99), and the final results are
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where r{ =1 and r{ , = (C{" = C?)/(C{V + C?) are the static

reflection coefficients.
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